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What is the problem here?
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» AlphaProof (DeepMind) takes a different approach: it couples

a language model with a formal proof assistant, earning a
silver-medal score at IMO 2024 [3].
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» Python - General Code
» Mathematica - Symbolic CAS
» MATLAB - Numerical CAS

» Lean - Formal Proofs
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Why formal proof verifications?

Advantages
» Absolute rigor
» Machine-checkable
» Minimizes the human error

» Reveals Al reasoning

Trade-offs
» Verbosity
> Steep learning curve

» Limited automation



Let's get to real examples
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Formalized in Mathlib4 [4, 6]
(Mathlib/Geometry/Manifold/)

» Smooth manifolds, charted spaces, and smooth maps

» Manifold derivatives (mfderiv), immersions, embeddings

» Tangent bundles, vector bundles, pullback bundles

» Vector fields and Lie bracket

» Riemannian metrics and Levi-Civita connection (2024-2025)
>

Differential forms and exterior derivative (d? = 0)
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The Classical Statement [5]

Among all planar regions with a fixed perimeter L, the disk has the
largest area A. Equivalently,

2
A<
— Ar

with equality if and only if the region is a disk.

This work [7]

A fully machine-checked formalization in Lean 4 / Mathlib4
following Hurwitz's classical proof via Fourier series — zero sorry
placeholders.
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1. Arc-length parameterization — represent the boundary as a
SimpleClosedCl1Curve, reparameterized by arc length
0 € [—m, m)].

2. Fourier expansion — decompose coordinates into
x(0) = a0 + Y521 (an cos nb + bysin nf),

and similarly for y(#).

3. Parseval’s identity — relate the arc-length constraint to the
Fourier coefficients via Parseval.

4. Wirtinger’s inequality — bound the area integral by the
derivative norm, yielding A < L2 /4.

5. Equality — the bound is tight iff all higher modes vanish, i.e.
the curve is a circle.
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IsoperimetricInequality/Basic.lean

» Fourier series orthogonality lemmas
» Uniform convergence via Weierstrass M-test
» Parseval’s identity

» Wirtinger's inequality

IsoperimetricInequality/Adolf Hurwitz proof.lean
» SimpleClosedC1Curve, area (shoelace formula)
» Arc-length parameterization and periodicity lemmas
» Integration by parts, AM-GM bound

> isoperimetric_inequality — main theorem
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The Main Theorem in Lean

theorem isoperimetric_inequality
(v : SimpleClosedCiCurve 2)
(hdc : Continuous (deriv 7.curve))
(h_arc : IsArcLengthParametrized 7)

area 7 0 7y.length <
7v.length™ 2 / (4 * Real.pi) := by
... — 26 lemmas, no sorry

Verified by

Lean 4 kernel + Mathlib4 — every logical step is machine-checked.
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