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Based on Stewart, Calculus, Chapter 7: Techniques of Integration
Throughout, C' is an arbitrary constant and a # 0.

Table of Integration Formulas (Stewart, §7.5)
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# Integral
n+1
1 "dr = C -1
Ji =t (n#—1)
2 —dz =lnjz|+C
T
3 e?dr=e*+C
bf
4 Vder=—+C
T e T
sinzdxr = —cosxz + C

cosxdr =sinx + C
sec?rdr = tanx + C

csc?xdr = —cotz + C

e



# Integral

9 /secxtanxdx:secm—&—c

10 /cscxcotxdx:—cscx—i—C

11 /secxdx:ln|sec:c+tanz|+0

12 /csca:dx=ln|cscx—cotx|+0

13 /tanxdx:1n|secx|+0

14 /Cotxdx:1n|sinx\+0

15 /sinhxdx:costhrC’

16 /coshxdx:sinhx+0

7 /x;f(ﬁ - atan“(%) +c

18 /\/(%:sml(Z)—&-C,a>0

19 / dx _ 1 .|F—e LC
22—a? 24 lz+a

20 /\/xjixvzln’w—&-\/m’—&-C

7.1 Integration by Parts

Derived from the Product Rule %[f(x)g(m)] = f(z)g (z) + g(x) f'(x).

Indefinite form

/ )¢ (z) dz = f(z) g(z) — / o(e) ' (x) dx

(
Shorthand (with v = f(z), v = g(z)):

vdu

/udvzuv—

b
/ f(z) g (z) dz = f(z) g(x)

—

Definite form
b

[ o) 7)o

a

a

Choosing u (LIATE heuristic): pick u as the first type in the list Logarithmic — Inverse trig — Algebraic
— Trigonometric — Exponential, and let dv be the rest. Goal: [ vdu should be simpler than the original.

Tips - Repeated parts: e.g. [ z2e® dr — apply twice. - “Cyclic” integrals such as J €®sinz dz: apply parts
twice, then solve algebraically for the original integral. - Reduction formulas, e.g.

) 1 o n—1 e
/sm"xdx:—fcosx sin” ' a + sin” 2z dx
n n

Example: /zsinxdm, u=ux,dv=sinzdr = du=dzx, v=—-cosx:

/msinxdm:—xcosx—i—/cos:vd:c:—xcosx+sinx+C



7.2 Trigonometric Integrals
Useful identities

sin?z + cos?z =1, tan?x + 1 = sec’x

*z=1(1—cos2z), cos?z = (1 + cos2z), sinz cosx = 1 sin 2z

S 2

Strategy for /sinm x cos” xdx

Case Strategy

(a) power of cosine is odd (n =2k + 1) Save one cos z, write cos?* z = (1 — sin® z)¥,
substitute « = sinx

(b) power of sine is odd (m =2k + 1) Save one sin z, write sin®* 2 = (1 — cos? ¥,
substitute u = cosx

(c) both even Use half-angle identities sin® z = (1 — cos 2z),

cos?z = (1 + cos2z)

(If both are odd, either (a) or (b) works.)

Strategy for /tanm x sec rdr

Case Strategy

(a) power of secant is even (n = 2k, k > 2) Save sec? z, write the rest via sec? x = 1 + tan? z,
substitute v = tanx

(b) power of tangent is odd (m = 2k + 1) Save sec x tan x, write the rest via
tan? z = sec? z — 1, substitute u = secx

Other cases Use identities, integration by parts, and [ tanz dz,

[ secx dx

Useful results:
/tanmdw = In|secz| + C, /secxdx = In|secz + tanz| + C

/sec%cda: = 3 (secztanz + In|secx + tanz|) + C

2

(Integrals of cot™ z csc™ x are handled the same way using 1 + cot? z = csc? z.)

Products of sines and cosines with different angles

For [sinma cosnzdz, [sinmasinnzdz, [ cosma cosnz dz use:
sin Acos B = 5 [sin(A — B) + sin(A + B)]
sin Asin B = 3 [cos(A — B) — cos(A + B)]
cos Acos B = 1 [cos(A — B) + cos(A + B)]



7.3 Trigonometric Substitution

Used for integrands containing Va2 — x2, Va2 + 22, or Va2 — a2 (with a > 0).

Expression Substitution Identity used Restriction on 6
a2 — x2? x =asiné 1—sin?6 = cos? 6 —2<0<Z%
Va2 + x? x = atanf 1+ tan? 0 = sec? § —I<0<z
2 — g2 x = asech sec2f —1=tan2 0 0§0<%01r7r§0<377T

Steps 1. Substitute z and dz (e.g. * = asinf = dz = acosfdf). 2. Simplify the radical with the
identity, e.g. Va2 — a2sin® = acosf. 3. Integrate in 6. 4. Return to z using a reference right triangle
(e.g. sinf = x/a gives opposite x, hypotenuse a, adjacent va? — z2). 5. For definite integrals, change the
limits to #-values instead.

Tip: for vaz? + bz + ¢, first complete the square, then use a trig substitution.

7.4 Integration of Rational Functions by Partial Fractions
P(z).

Qx)

Step 0 — Improper fraction: if deg P > deg (), use long division:

To integrate f(z) =

deg R < deg @

Step 1 — Factor Q(z) into linear factors (ax + b) and irreducible quadratic factors (az? + bx + ¢) with
b? — dac < 0.

Step 2 — Decompose according to the cases:
Case Factor in Q(z) Partial fraction terms
A A
I distinct linear factors 7117 + -+ 7kb
(a12 +by) -+ (g + by) GE o W+ O
i , A A, A,
11 repeated linear factor (az + b) p—— + (a1 D NI ax L)
Ax+ B
111 distinct irreducible quadratic QSU7+
az® + b 4 ¢ ax? +bxr +c
A B
v repeated irreducible quadratic 213674—1
(ax? +bx+c)" az® +bx 4 ¢
Az + B,

(az? + bz + )"

Step 3 — Solve for the constants (multiply through by Q(z); equate coefficients or plug in convenient
x-values).

Step 4 — Integrate each term. Key formulas:

d 1 d 1
/ ° = —In|ax + b + C, /sztanfl(f)—i—C
a a

axr+b  a 2 + a2

Rationalizing substitutions: if the integrand contains {/g(x), try u = {/g(x) to obtain a rational function.



7.5 Strategy for Integration

1. Simplify the integrand if possible (algebra or trig identities). e.g. [ /z(1+ z)dz = [(Vz + z) dx,
[ 288 46 = [ sinfcos 0 do.
2. Look for an obvious substitution u = g(z) where du = ¢’ (z) dz also appears (up to a constant).
3. Classify the integrand by form:
o (a) Trigonometric functions — §7.2 strategies
¢ (b) Rational functions — partial fractions (§7.4)
e (c) Products of different kinds of functions — integration by parts (§7.1)
¢ (d) Radicals:
— V+2? + a® — trig substitution (§7.3)
— Vazr + b — rationalizing substitution ©v = V/ax + b
4. Try again:
e (a) Try a different substitution.
« (b) Try integration by parts again (e.g. single functions like tan~! x, In ).
¢ (¢) Manipulate the integrand: rationalize, multiply by a clever form of 1, use identities.
e (d) Relate to previous problems.
e (e) Use several methods together.

Note: some continuous functions have no elementary antiderivative, e.g.

2 © 1 31
/em dz, /e—dcc, /sin(xQ) dx, /—d;l:, /\/x3—|—1da:, /szdaj
T Inx x

7.6 Integration Using Tables and Computer Algebra Systems

o Match the integrand to an entry in a table of integrals (Stewart’s Reference Pages), possibly after a
substitution or completing the square.

o A CAS (e.g. SymPy, Mathematica) may give an answer in a different but equivalent form; it may omit
absolute values or the constant C.

7.7 Approximate Integration

b
Divide [a, b] into n subintervals of width Ax = —a, with z; = a + i Az and midpoints z; = 3(z;_; + z;).
n

Left / Right endpoint rules

L, = Zf(xz—l) Az, R, = Zf(xz) Ax

n n
i=1 =1

Midpoint Rule \
/ (@) da ~ M, = A [f(iy) + [(E5) + - + [(,)]

Trapezoidal Rule
b Az
/ fla)de =~ T, = —=[f(zo) + 2f(21) +2f(23) + -+ 2f (2, 1) + f(2,)]
Simpson’s Rule (n even)

b
/ flz)dz ~ S, = % [f(zg) +4f(z1) +2f(2y) +4f(23) + -+ 2f(2,,_o) +4f (7, 1) + f(2,)]

Also: 5, = %Tn + %Mn



Error bounds If |f”(x)] < K on [a, b]:

K(b—a)? K(b—a)?
Erl < —— E
Bris = IPuls =5
If |f¥(z)| < K on [a,b]:
K(b—a)b
FEq| <
1Es| < —gomt

7.8 Improper Integrals
Type 1: Infinite intervals

(a) If fat f(z) dz exists for every t > a:

[ s =y [ s as

a

(b) If ftb f(x)dx exists for every t < b:

’ f(z)dz = lim ’ f(z)dx
IREESCY|

The integral is convergent if the limit exists (finite) and divergent otherwise.

(c) If both fjoo fdx and faoo f dx converge (for any a):

/:f(x)dm/:of(x)d:ch/aoof(:r)dx

o0
/ —~ dx is convergent if p > 1 and divergent if p <1
x
1

p-integral:

Type 2: Discontinuous integrands

(a) If f is continuous on [a,b) and discontinuous at b:

/ab f(@)de = lim /at f(z)dx

(b) If f is continuous on (a,b] and discontinuous at a:

b b
/ f(z)dz = lim f(z)dx

+
t—a A

(¢) If f has a discontinuity at ¢, a < ¢ < b, and both pieces converge:

/abf(a:)da::/acf(x)da:—i—/cbf(:c)da:

1
1
Also: / - dx converges if p < 1 and diverges if p > 1.
x
0

Comparison Test

Suppose f and g are continuous with f(z) > g(z) > 0 for z > a. - (a) If faoo f(z)dz is convergent, then
j;oo g(z) dz is convergent. - (b) If j{;oo g(x) dx is divergent, then j(;oo f(z) dz is divergent.
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